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Introduction
The aim of this article is to present a concept of a household financial plan optimization model that allows for stochastic character of household goals, in respect of goal realization time and magnitude.
The model assumes that the household maximizes its value function, which is composed of expected discounted utilities of consumption and bequest.
For the financial plan optimization procedure, the value function plays the role of a goal function. This article, however, is not meant to propose an optimization technique. It is rather intended to discuss a concept of how to formulate the problem. Optimization of a financial plan with a number of dynamic stochastic factors is described from operational research perspective by Konicz, et al. (2014) , for instance. The last builds on the results by Gayer et al. (2009) and Richard (1975) . Also, a multi-person household case was analyzed (Bruhn and Steffensen, 2014) . A comprehensive introduction to stochastic programming in finance may be found in the positions by Ziemba (2003) and Vickson and Ziemba (2006) . A more general summary of the concept and methods of stochastic programming models is presented by Ruszczyński and Shapiro (2003) .
As it has already been mentioned, the main focus is to take account of uncertainty about goal realization, but not in the sense of the question if the household is able to afford them, but rather in the sense of stochastic nature of such goal characteristics as time and magnitude of the need (in financial terms) the goal is expected to satisfy. The subject-matter of this article does not cover the risk of financing. For example, if an investment is meant as a future source of financing for the goal, the market risk of assets used as part of the investment is not in the scope of interest here. Also, if a credit is planned for the realization of the goal, the interest rate risk connected with the credit is not the issue to be discussed in this article.
The model belongs to the area of life-cycle financial planning in personal finance. It uses the basic concepts present in this field of research. In the literature on life-long financial planning a lot of research has been done in the areas of consumption optimization and dynamic portfolio optimization. The first current builds on Modigliani, Brumberg (1954) , Ando, Modigliani (1957) and Yaari (1965) , whereas the dynamic asset allocation research -on the works by Merton (1969 Merton ( , 1971 and Richard (1975) . Further research in life cycle planning with dynamic stochastic properties of asset prices was done by Cox and Huang (1989) . An important issue in personal finance is also a trade-off between life insurance and capital-based protection against unexpected events in the area of survival process (Ibbotson et al. 2005 , Huang et al., 2008 . Also, the problem of twoperson household was tackled by personal finance researchers. Kotlikoff and Spivak (1981) investigated the influence of longevity risk sharing between household members (a married couple) on the demand for annuities. Hurd (1999) constructed a two-person generalization of the classical (Yaari 1965 ) life-cycle model and presented an analytical solution to the consumption optimization problem for a couple. Brown and Poterba (2000) analysed advantages of joint annuities suited to the needs of married couples, with reference to the longevityrisk-sharing effect discussed earlier by Kotlikoff and Spivak (1981) . Generally speaking, the current state of the art covers many important aspects of consumption transfer in life-cycle financial planning in the sense by Bodie et al. (2008) , that is -in the two directions: between periods (by means of saving and investments) and between optimistic and pessimistic scenarios (by means of insurance, but also risk sharing). The last (considering scenarios) is a way of addressing a more general problem, namely -uncertainty. In this area, the following stochastic factors influencing the financial plan were taken into account: rates of return on investment, length of life (also in a bivariate case), health condition, labour income, and sometimes also damage to physical property. What remains a rather unexplored field is the way financial goals themselves may behave.
It is much more popular to take into consideration the risk of having insufficient means to finance a goal on a specified date (it refers to pre-financing and post-financing) than the risk that, for instance, the time when the household really needs to accomplish this goal will be shifted in time. This article presents a proposition that may serve as a starting point for filling in this gap. For example, an important risk factor influencing the performance of the household financial plan is the time of a child's birth. This may of course differ from a planned or desired time. There is, however, no research on statistical properties of this source of uncertainty in the literature. And, consistently, in personal finance, it does not belong to the set of risk factors that are modelled using statistical methods as part of financial planning. Starting a discussion about conditional distribution of a child's birth, under the condition of planned time, seems a natural step further in the development of personal finance research area.
It seems necessary to explain that the proposition put forward in this article provides a general framework within which more detailed models may be developed. For instance, assumed interdependencies between household financial goals may be in fact different in details, but the provided example is sufficient to outline the general idea. Moreover, for some stochastic elements of the model, only putative properties are discussed, without even suggesting types, nor even general families, of parametric distributions that might be used.
The paper is organized in the following way. Section 2 shortly sums up the basic version of the model, upon which the current concept is developed. Types of financial goals are discussed in section 3. In this section also some definitions and assumptions are presented. Sections 4 and 5 are devoted to the main subject of this article, namely -stochastic character of the goals and interdependencies between them (section 4) and the way these properties may be reflected in value function of the household (section 5). The last section contains conclusions.
An outline of the model
The model developed here is based on its basic version presented by Rokita (2014a, 2014c) and Pietrzyk and Rokita (2014) . This is a discrete time, two-person household, life-long financial plan model. In the basic version it assumed only two financial goals: retirement and bequest. Consumption is optimized in the life cycle of the household, both in accumulation phase and in retirement.
The dates of death of the two persons are the only risk factors in the basic version of the model. Plans differ in respect of risk. Some are very immune against even very large deviations of dates of death from their expected values, some other are very sensitive. They are exposed to premature-death risk and longevity risk. In the two-person case, premature-death risks play not less important role than longevity (and this statement remains valid even if the household has no bequest motive).
The only two goals of the basic model are set in different ways. Whereas retirement is set explicitly as a goal to be accomplished, in terms of time and magnitude, the bequest motive is merely declared, only in order to pass the information to the value function of the household if utility of residual wealth is to be calculated or not.
It is assumed that the retirement capital accumulated until retirement date of a given person is fully spent on a life annuity assigned to this person. The household has, yet, a choice whether to invest in building retirement capital of the first, the second or both persons in any proportions.
One of the main features of a two-person household, as compared to a singleindividual case, is life-time risk sharing. It allows for building plans with the socalled "partial retirements" -compare Full-Partial, Partial-Full and 2×Partial retirement as defined by Feldman, Pietrzyk and Rokita (2014a) . The possibility of investing in less than 2×Full retirement in the sense by Feldman et al. (2014a) broadens the spectrum of possible proportions between consumption and investments the household may choose. A deterministic growth pattern of consumption, which is usually a constant growth rate in real terms, is assumed. This constitutes the basic path of consumption. Upon this, some additional consumption may be put on. In extended versions of the model, going beyond the two-goal framework, it is usually the result of the realization of some goals (like, for instance, new consumption structure connected with a child in the household).
It is also assumed that at the starting time of the plan the household invests the whole part of income which is not consumed (there is no surplus generated). Since the basic version of the model does not assume any other financial goals than retirement, the investment is here understood as investing for retirement. In subsequent periods, because of differences in income and consumption growth rates, there may be some additional unconsumed and uninvested surplus. Saying that the surplus is not invested is a mental shortcut. More precisely -one cannot assume in advance that the surplus will be invested at a high rate (unplanned investments that, in addition, need to be very liquid, because they are used to cover some intermittent shortfalls).
The surplus cumulated until a moment may be used to smoothen consumption path in the next periods. But it must be pointed out that if there is a goal of creating a safety cash reserve to play a similar role (not discussed in this work as a separate type of goal), then this is not treated as a part of a cumulated surplus. It may be created from the surplus, but if it is done on purpose, the reserve disappears from the account of the surplus. Creating it should be treated as goal realization.
The plan is optimized by maximization of the value function of the household, given by equation (2) in section 5. The decision variables are:
• consumption-investment proportion (given by consumption rate in the first period), • division of investment between persons (given by first-period proportion of Person 1 investment). All parameters of the model like incomes, returns on investments, growth rates, macroeconomic parameters, etc., are assumed to be revised on a regular basis (at least once a year as recommended). Each plan revision session includes new optimization. This allows avoiding the need of making long-term forecasts. All parameters are assumed to be valid for the whole planning period, but they are updated every year. Plan revisions include also corrections in goal time and magnitude. No modifications of goal structure are made automatically as a result of optimization. They may be introduced only by the decision of the household. The only variables that are changed in the optimization procedure are the two aforementioned decision variables.
As it has already been mentioned, any changes in time or size of the goals due to lack of financing, too risky financing, or any other reasons that are not intrinsic to the goals themselves, are not the subject of the analysis in this work.
Financial goals
Besides securing some acceptable life standard for all household members throughout the whole life of the household, households tend to realize yet some ambitions and dreams that, if given some planning rigor to, may be called life objectives. Some of these objectives may be expressed in financial terms and included into a quantitative model as financial goals. The aim of a financial plan is maximization of the value function of the household and fulfilling at the same time all constraints, including accomplishment of financial goals. In this article an attempt is made to take into account a stochastic character of time and magnitude with which the goals are realized. Defining the terms "financial goal" and "realization of financial goal" first seems necessary to avoid confusion. It has also to be specified which financial goals will be considered in the discussion, and finally, which of them are to be formally included into the model.
Definitions and assumptions
According to the definition of the household by Zalega (2007) , a household is an autonomous economic entity distinguished according to the criterion of individual property, making decisions about consumption on the basis of its preferences and existing constraints. Here, in this paper a two-person household is considered. It is understood as a household with two decision makers, called also main members, who (at least as far as their predetermination at the moment of plan preparation is concerned) intend to remain members of the household until its end. This does not really exclude cases with more or less members (comp. Rokita, 2014a, 2014c; Pietrzyk and Rokita, 2014) if one or two main household members are distinguished.
It is assumed that households maximize utility of consumption throughout their whole life cycle. The household has also some life objectives that its members want to accomplish in certain time and to a certain extent. These objectives are kinds of constraints for the consumption utility maximization. But the true time and cost of realization of the objectives is not certain indeed. Here, the focus is on the uncertainty inherent in the objectives themselves, not in the tools of their realization like financing.
From the point of view of the model discussed here the life objectives may be divided into two groups: financial and non-financial. The model is intended to include in a household life-long financial plan those that are of financial nature. They will be further called financial goals (comp. Definition 1).
Definition 1. Financial goal
To provide financial means for covering a negative cash flow or a series of negative cash flows of a substantial value, prearranged as to time and magnitude and isolated from the basic path of consumption (comp. explanation of the term "basic path of consumption" in section 2). Satisfaction resulting from realization of the financial goals is here identified with the utility of consumption. The financial goals may, of course, give also other kinds of satisfaction to the household, but this is not taken into account in the model.
The most important financial goals may include, for example: purchase of a house, leaving a bequest, covering costs of bringing up children and covering costs of their education.
Even though the main goal of the household is to guarantee a satisfactory life standard to all household members throughout the whole life cycle, vast part of which is realized by means of preserving a desired level of the basic path of consumption. This is why the goal is not distinguished as one of financial goals.
As to the non-financial objectives, they influence decisions of the households in many respects, including financial decisions, but they themselves are not expressed in financial terms. These objectives may cover, for instance, finding a suitable partner, or just broadly understood self-fulfilment in personal and professional area. The realization of non-financial objectives may indirectly modify cash flows of the household, because it may change propensity to consume, motivation to save and invest, etc.
As it has already been mentioned, only financial goals are considered in the model. The model is intended to allow for stochastic character of goal realization in two respects: time and magnitude. Goal realization is understood here as specified by the Definition 2:
Definition 2. Goal realization
A negative cash flow or series of negative cash flows connected with a financial goal.
It is important to avoid confusion between the three related terms: (a) life objective, (b) financial goal of providing required financial means at a given time, (c) goal realization. A practical difference between these terms may be easily explained by the example of having-a-child objective. Is the time of a child's birth a stimulant, destimulant or nominant in the sense of its influence on the value function of the household? Of course, the time at which the household is (in financial sense) ready to bring up children -comp. (b) financial goal -is a destimulant (the earlier the better). But the time when the child is born and the period of higher consumption starts -comp. (c) goal realization -is a nominant (the closer to the planned time the better). And finally, whether the time of birth is a stimulant, destimulant or nominant from a general life situation perspective (a) is really hard to say and this piece of work does not even attempt to answer this question.
Five types of goals are distinguished in the model. They are treated in different manners. There is a set of characteristics according to which the goals may be grouped. They are: time of realization, goal magnitude in monetary terms, number of cash flows needed to realize the goal. Another important feature is the role of the financial goal in the household wealth. Realization of some goals contributes to the household wealth (like buying a house), whereas other are by their nature more similar to consumption (put differently, their realization is just consumption, but isolated from its basic path).
The distinguished types are: • Type I -Child(ren), • Type II -Retirement, • Type III -House (residential real estate bought in order to live there, not as kind of investment),
It is important to emphasize that in this model any investments are treated as tools supporting financing realization of some goals of the household. Investments and goals are two separated categories. Making an investment cannot be a goal. Nevertheless, there is a strong link between the first and the second. Namely, if there are any investments in the model, they are assigned to some corresponding goals. This is, however, not a bijective relation. Two or more investments may be used to support financing of one goal, and also one investment may be used to provide financing of two or more goals (Feldman, Pietrzyk, Rokita, 2014b) . Reservations are expressed about the fact that if a purchase of an asset (financial or non-financial) is treated as an investment, then this purchase is not a goal itself. It is rather used to finance some goals. The inverse does not hold, because realizing some types of goals like buying a house for own residential needs, may contribute to the total wealth of the household and then be used to finance some other goals (bequest, for example). In more details the issue is explained in the subsection 3.3.
Goal comparison
The five types of goals are described below in terms of the following criteria:
• Interpretation -general practical interpretation of the goal, • Realization -how goal realization is expressed, • Time and Magnitude of realization -determinants of the main characteristics, namely -time and magnitude (whether they are random or deterministic, if the household controls them or they are out of control by the household, whether they depend on some other factors and if the dependence is of stochastic or deterministic nature), • Contribution to household wealth -if the goal realization contributes to household wealth or is just a particular kind of consumption (isolated from the basic path of consumption but not different in its nature from consumption), • Utility -when and for how long (periods/cash flows) utility of goal realization is measured. The comparison of goal types is presented in the Table 1 . 
Special cases -goals contributing to household wealth and resulting utility issues
As it has already been mentioned (comp. subsection 3.1), the realization of a goal may have the effect of becoming a kind of investment. This is when goal realization consists in buying an asset that is of a durable nature.
This situation is encountered in the case of the Type II goal, that is -a house. One of the most important characteristics of this goal is that it contributes to household wealth. The real estate remains a part of household fixed assets for a long period (often until the household end). If the house or flat is sold earlier and a new one is bought instead, the new purchase may be treated as a next phase of realization of the same goal or the next goal. There is, yet, a technical question that needs to be answered before accepting such interpretation. As it has already been explained, utility in the model is only utility of consumption and utility of bequest. Utility of consumption attached to the goals is understood as utility of goal realization, where goal realization is a negative cash flow. This is logically consistent because the negative cash flows for goal realization and basic path of consumption (also a series of negative cash flows) are identical in their nature (albeit magnitudes and regularity may differ). In the case of goals that do not contribute to household wealth, no further explanation to that is needed. But if realization of the goal is connected with a purchase of some component of fixed assets, treating it just as consumption is controversial. It is treated in this way in the model, but to avoid a have-one's-cake-and-eat-it-too paradox a concept of negative consumption is introduced, as described by Definition 3.
Definition 3. Negative consumption (also: inverted consumption, deconsumption)
If a component of fixed assets of the household is purchased as part of goal realization (and thus the cash outflow connected with the purchase enters utility of consumption), then the cash inflow from selling this component at some later time is also taken into account in the utility of consumption as consumption with negative sign, and is called negative consumption (or inverted consumption or deconsumption).
Changing a flat or house into a new one is, thus, treated as a negative consumption equal (as far as absolute values are concerned) to the price obtained for the old house and positive consumption equal to the price paid for the new one. Effectively, utility of net sum of negative and positive consumption is taken. In this way, utility is measured only for the part of the new house value that is in excess over the old house value.
Stochastic nature of goals and their interdependencies
To show the way in which the goals may be taken into account in the value function of the household, it is not necessary to identify the distributions precisely. Knowledge of some of their general properties may be, however, useful. Of course, to construct a fully functional model, the detailed probabilities will be needed. The next important question is about the dependence between the goals. Constructing a model with a multivariate distribution of times and magnitudes for all goals would be a very tough task. And such approach would make the model hardly applicable in practice. In the proposition put forward here the relationships between some chosen goals are simplified to deterministic influence.
Goal dependency map
First, a map of relationships between the goals was created. It is a proposition only, but based on life experience, logical reasoning and general common knowledge of the nature of the goals. It is, yet, a simplification and it should be treated as such. The simplification is justified by the fact that the plan is revised every year (comp. section 2) and the goals may be shifted in time, added, removed or modified in respect of magnitude by the household. Thus, the attempt to include all possible stochastic and deterministic relationships might give only a spurious impression of precision. What is more important here is constructing a model of general influence structure. As a result, a kind of causal network of influences, mainly of deterministic character, was obtained. It is to a vast extent of (a kind of) hierarchical structure, because the direction of influences in this model is such that some goals rather exert influence, whereas other ones are rather influenced. The map of relationships between goals is constructed on the basis of the assumption that the main event in life of a household is birth of the first child. Thus, it may be said that it is the most "influential" one in the aforementioned hierarchy of influences.
A general map of relationships between goals for a stylized typical household may look for example like the one in the Figure 1 . Arrows indicate influence directions.
Figure 1. Stylized map of relationships between goals
In Figure 1 the following influences are marked:
• Time of house purchase is influenced by the time of a child's birth, and magnitude of this goal is influenced by the number of children (in further discussion the second relation is neglected). • Time of endowment may be influenced by the time when children appear (particularly if it is the first flat for a child, study for children or some kind of dowry). Magnitude of endowment depends on the number of children if the addressee of the endowment are children of the main household members. • Magnitude of bequest is not directly controlled by the household, but it depends on the bequest motive parameter, which is at the discretion of household members. The bequest motive may, in turn, depend on the number of children. Also, the value of the house contributes to bequest, since the house is a part of wealth that may be bequeathed. Thus, the goal "house" and the goal "child" influence the magnitude of bequest.
• Retirement income may be (partially) obtained from inverted mortgage secured by the house the person lives in. Thus, the size of retirement is influenced by the value of the house. The model of the goal relationship map may be used to construct a "childdriven" model of the household life-long financial plan. Certainly, if the household does not plan children, all dependencies between the time of a child's birth and other goals disappear. For example, Type III goal (House) is then not influenced by any goal in this model, but may still exert influence on other goals.
If the household plans a child (children), stochastic time of a child's birth (conditional on the planned time) is added to the main sources of uncertainty from the basic version of the model (lifetimes of the two main household members). For the sake of simplicity it may be assumed that the dates of buying a house and making an endowment are just shifted by a constant number of years in relation to the date of the first child's birth (let the shifts be denoted by Δ h and Δ e , respectively).
Time and magnitude distributions
It is proposed to distinguish four distributions: • for the time of realization of the type I goal (Child) -conditional distribution of a child's birth, under the condition of the planned time, • for magnitude of the type III goal (House) -distribution of real estate price at the moment of purchase, • for magnitude of the type IV goal (Endowment) -none or distribution of (commodity/real estate) prices if some commodity or real estate is to be endowed, • for magnitude of the type II goal (Retirement) -distribution obtained from a survival model (it refers only to the cases when a household member dies before retirement, in all other cases the retirement goal is set on the basis of the cost of purchasing a life annuity, being a scalar derived from expected life time), • for time of realization of the type V goal (Bequest) -distribution obtained from a survival model (distribution of the maximum of lifetimes of the two main household members).
The summary of time and magnitude distributions is given in the Table 2 . It is possible to characterize in some more details the distributions listed in the Table 2 .
• Conditional distribution of a child's birth
Albeit a parametric model is not yet known, it is possible to formulate some postulates about the distribution.
For a univariate case (e.g. conditional distribution of the time when the first child is born, conditional on the planned time) the distribution may have the following properties:
• It is asymmetric. If the mother's age at the planned time of birth is young, then it is right-skewed. If the mother is of a more mature age at the planned time, the distribution is skewed to the left. For the planned age somewhere in the middle of these two extremes, the distribution may be more like a symmetric one. • Modal value of the distribution should be close to the planned date.
• It is truncated. Its domain is bounded from the left by the moment of plan preparation and from the right because of biological limitations (with some reservations -e.g. adoption).
The shape suggests that Gumbel or some alpha-stable distributions might be used to model it. Figure 1 shows suggested shapes for two planned times (mother, respectively, younger and older on the assumed date).
Figure 2. Stylized examples of conditional first child's birth distributions, under
the condition that the panned time is Ch1 (early) planned and Ch1 (lately) planned , respectively.
Certainly, life is more complex and the time of the first child's birth is not a sufficient piece of information indeed. More comprehensive, but also much more difficult, would be a model of joint distribution of times of birth for a number of children, including possibilities of multiple pregnancy. It might be also a kind of a stochastic process model of subsequent births, but such that also took into account the information about desired/planned times.
A very rough model of joint conditional-times-of-birth distribution for two children, given in a discrete version and only with qualitative description of probabilities, is proposed in Figure 3 .This is just an illustration of how the joint distribution -if in a discrete version -might look like. Probabilities given only in an ordinal scale. VH denotes "very high", H -"high", M -"medium", S -"small", VL -"very low", 0 -zero.
• Real estate price distribution
Modelling of real estate price distributions is less problematic. There is a rich literature (e.g., Willcocks, 2009; Ghysels et al., 2012; Ohnishi et al., 2011) and data sets of real estate price indices are available, though the indices suffer from many limitations.
One of the biggest problems in statistical analysis of real estate prices is incoherence of data. Besides inhomogeneity, real estate market is characterized by high transaction costs, low liquidity, substantial cost of carry, lack of short sales, etc. (Ghysels et al., 2012) .
To model real estate distributions one may use real-estate-suited models that try to take at least the most important idiosyncrasies of real estate market into account or, for the sake of simplicity, borrow solutions from some financial-price models. Then, the most common approach would be assuming log-normal distribution of prices. Ohnishi et al. (2011) demonstrated that house prices in Tokyo show fat-tailed distributions (tails closer to power-laws than tails of lognormal distribution). But they also observed that size-adjusted prices, defined in their research as simple functions of house sizes and natural logarithms of house prices, are normally distributed. The last holds for almost all periods but speculative bubble when a fat right tail is observed (which refers both to crude prices and the size-adjusted constructs).
This gives a good ground to assume that modelling price distribution for the needs of the model will not face any conceptual difficulties, though technical problems may arise from the reasons discussed above. Let us assume for now that the prices are log-normally distributed. The further question is how to take the spectrum of possible prices into account in the model that is based on a discrete number of scenarios. A simple solution to this issue is proposed in section 5 (subsection 5.3)
• Time of house purchase
As it has already been mentioned in subsection 4.1, time of goal realization is the planned one, corrected by the actual time of a child's birth. At this stage of the model development, only the time of the first child's birth is used.
• Distribution of household end (for time of bequest goal realization)
It is not a distribution of maximum of household member lifetimes. The same maximum may be obtained in many ways, generating along the line different trajectories of household financial surplus. Instead, a bivariate survival process is considered, with regard to the financial processes this survival model underlies.
Each pair of dates of death ( ) 1, 2 D D constitutes a different survival scenario, with a corresponding financial scenario (reflected in this model by a cumulated surplus trajectory).
Then, unconditional bi-dimensional survival time distribution is used here. A selected subset of possible ( ) 1, 2 D D pairs, together with their probabilities, is used as the main grid of scenarios in each of the value functions presented in section 5. Upon them other scenarios, like the time a child's birth, may be built.
• Distribution of survival scenario (for retirement goal size, but also used for determining probabilities of scenarios under which the plan is optimized)
As it has been just mentioned, the unconditional bivariate distribution of survival is used. It may be obtained from any survival model. For the needs of calculations performed by Feldman, Pietrzyk and Rokita (2014c) and Pietrzyk and Rokita (2014) a combination of two independent univariate survival processes was used following Gompertz (1825) law. This is, of course, a simplification that is far from reality, since any dependences between survival processes within a couple are neglected. Instead, one might use bivariate survival models (Brockett, 1984; Carriere, 2000; Gutiérrez et al., 2008; Georges et al., 2001) . The choice of a survival model, from which unconditional probabilities of scenarios (as used in section 5) are derived, does not change the general concept.
The distributions listed above are then used in the value function of the household. On the basis of the distributions, probabilities of some chosen scenarios are determined. The value functions are function of expected discounted utilities of consumption and bequest, calculated for the scenarios.
Multiple goals in household financial plan
This section puts forward propositions of the value functions of the household with different types of financial goals taken into account. First, the basic, with retirement goal (type II) and bequest motive is recalled. Then, the goal function is augmented to include the goal type I (Child). In order to show how the value function might be further extended, a function with goal type III (House) is also proposed. In all cases the goal function is a sum of expected discounted utilities of consumption and bequest. The difference consists in the scenarios for which the utilities are calculated, and also in the functions calculating consumption and bequest (that take arguments connected with goals). The analytical form of utility function is the same and it may be any function fulfilling conditions of a utility function.
Retirement and bequest only
In the basic version of the model (Feldman, Pietrzyk and Rokita, 2014c; Pietrzyk and Rokita, 2014) the only stochastic factors are lifetimes of the two main household members (decision makers). The uncertainty about length of life is expressed in the value function by means of the so-called range of concern.
Since the model is defined in a discrete time, the range of concern may be treated as a sub-matrix of the survival scenario matrix. Namely -such sub-matrix of scenarios which includes only the dates of death that are between * years before and * years after the expected lifetime of a given person. Formally, the range of concern covers such date-of-death pairs that fulfil the following condition:
The parameters * γ and * δ are at the same time risk aversion parameters in respect of length-of-life risk. The parameter * γ corresponds to premature-death risk aversion and * δ to longevity risk aversion. The higher risk aversion the broader the range of concern. The idea of the range of concern does not consist only in simplification and a convenient way of expressing risk aversion, but it also has a deeper sense. There are two more advantages of such solution. The first is avoiding too demanding plans that would require draconian saving and investing measures in order to be protected against some very unlikely, though theoretically probable, scenarios. The second is cutting off those scenarios that, in mathematical sense, are probable but should be removed from the scope of considered ones because of psychological reasons. For example, it is hard to treat a young widow as still the same household in the scenario in which her or his spouse dies very young (after some time this person would rather launch a new household with a new financial plan, and plausibly even with a new life partner).
The value function is calculated in the following way: for each survival scenario belonging to the range of concern a sum of discounted utilities of consumption is taken throughout the whole consumption path (from the starting moment 0 0 t = until the maximum of the two dates of death for this particular scenario). Utility of bequest is for each scenario calculated only once, namely for the end of the scenario. The sums of discounted utilities of each scenario are weighted with respective unconditional probability. At this stage, the only type of scenario is a survival scenario.
The value function in this basic version is given with the equation (2): , t max D D = this is just amount of available bequest.
Augmenting the model by stochastic childbirth time
Let us assume that a pair is planning two children. They think of some time as the best for the first and the second child's birth, but certainly the true time of birth does not depend only on their decision. It is a random variable, conditional on the planned time.
The model with the Type I goals (2 children) is constructed using the same concept of a discrete grid of scenarios as in the previous subsection. The difference is that there is a number of childbirth scenarios put on each survival scenario. The range of possible the first child's births is from the start of the plan ( 0 0 t = ) until the date of death of the woman in a given survival scenario, the second child's birth dates are between the first child's birth until the scenario end for the woman. Any number of children may be added to the model in this way, but here it is limited to only two for simplicity. The probabilities attached to each childbirth scenario are taken from the distribution of conditional childbirth times discussed in section 4, subsection 4.2.
The value function formula used in this variant of the model is as presented in the equation (3): In addition to the new set of scenarios, a modification is also needed in the functions calculating consumption and cumulated wealth that may be bequeathed. Both these functions take two more arguments now, namely -dates of children's births.
Type III goal in the model
As it has been assumed in section 4, time of realization of goal type III is deterministically dependent on the child's birth. Thus, the only new set of scenarios that would have to be taken into account is the price of the intended purchase. It is natural to treat the price as a continuous random variable, which leads to an infinite number of scenarios. Fortunately, the direction of price influence on the general financial situation of the household is known and pretty obvious. At the time when the household intends to buy a residential real estate, it is the better the lower the market price, and the higher the price -the worse. And inversely, at the moment when the house becomes a part of wealth to be bequeathed, the higher market price the better, and the lower price the worse.
Let aversion to real-estate price risk in respect of the type III goal be expressed in terms of a tolerance level. The tolerance level, by analogy to VaR or CFaR tolerance levels, is here understood as a significance indicating the accepted probability of adverse scenarios. Here, it is some small pre-defined probability that a scenario of real estate prices will fall out of the range of scenarios for which the financial plan gives protection. Put differently, the household wants the plan to be optimized and meet budget and other constraints for at least all other scenarios.
For a tolerance level q , two quantile-based scenarios are considered. The first, for the moment of purchase. It is a right-tail quantile of real estate price distribution, corresponding to probability1 q − . The distribution used here is unconditional (conditional on the state form the moment 0 0 t = ) price distribution for the moment of purchase. The second, for the moment of bequest, is a conditional left-tail quantile corresponding to probability q , conditional on the upper quantile from the moment of purchase. Let us assume that no new (larger) house nor any house expanding is planned when the second and next children are born.
The value function taking into account type III goal is given by the eq. (4): Moreover, consumption and bequest functions take on new arguments.
Consumption function depends now on the price of the real estate at the moment of purchase ( h T ). The wealth to be bequeathed depends also on the price of purchase at the moment h T , because it influences consumption and thus also cumulated surplus. But in addition to that, bequest depends also on the price at the moment B T , since it is a part of the residual wealth.
In practice, the risk aversion of the household in this respect may be calibrated on the basis of the maximum price of a real estate (given standard, technical state and location) the decision makers would accept to pay in the future and the minimum price they would accept when selling it then. Of course, the prices would need to be brought to present values as of the time when the plan is prepared. Otherwise, household members would not have a feeling of weather they are high or low in real sense. Then, probabilities might be calculated for the decision maker automatically in the planning system to translate the input into terms used in the model.
Summary
The proposed concept of the household financial plan model takes into account a source of uncertainty that is hardly ever addressed in the personal finance literature. Other stochastic factors, like survival of the household members, returns on investments, interest rates of credits, labour income, health condition, or events of insurance type (both life and non-life) are covered by many models, though usually not all of them together at the same time. Here, in turn, the time of goal realization and the magnitude of some chosen goals is discussed and an attempt to identify and review their main statistic properties is made. Also, relationships between goals, both in the sense of statistical dependence and causal links, are generally discussed. As a result "child-birth-time driven" model of household financial planning is obtained.
The model at its present version of development is a proposition of theoretic concept, still based on a number of unverified assumptions and dependent on parameters that have not yet been estimated. And in the case of conditional distribution of a child's birth under the condition of the planned time, no type of distributions (nor even a family) have been specified yet. Also the choice of links between financial goals is made arbitrary, though on the ground of some life experience, and logical reasoning. Empirical research may change somewhat the structure of the goal dependency map.
Further research, besides solving technical problem of this version of the model, will concentrate on augmenting it by other stochastic elements. Particularly, the risk factors connected with financing the goals need to be modelled.
Also, an important issue that has not yet been taken into account in this model is a trade-off between life insurance and capital-based protection against unexpected events in the area of survival process (Ibbotson et al. 2005 , Huang et al., 2008 .
Another question that may be taken up in further research is including different possible retirement goal realizations. In the accumulation phase different pension plans may be compared and selected (Blake et al., 2001 ). In the distribution phase different mixes of life annuity and asset fund may be used, plus some additional solutions (Blake et al., 2003; comp. also: Huang and Milevsky 2011; Milevsky and Huang 2011; Gong, Webb 2008) . For a two-person household also a joint annuity variant, of the kind discussed by Brown and Poterba (2000) , is worth considering.
